




where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n}
{a′′n}, {b′′n}, {c′′n} are sequences in (0,1) satisfy-
ing, an+bn+cn = a′n+b′n+c′n = a′′n+b′′n+c′′n = 1,
for all n ∈ N . If F (T1) ∩ F (T2) ∩ F (T3) 6= 0
then limn→∞ ||xn − p||
exists for all p ∈ F (T1) ∩ F (T2) ∩ F (T3).
Proof: Let p ∈

⋂3
i=1 F (Ti). Since C is com-

pact, there exists a constant M ≥ 0 such that
||un − p|| ≤ M, ||vn − p|| ≤ M, ||wn − p|| ≤ M ,
for all n ∈ N.
Then we have,

(2.1) ||zn − p|| = ||a′′nxn + b′′nTn
3 xn

+c′′nwn − p||
≤ a′′n||xn − p||+ b′′n||Tn

3 xn

−p||+ c′′n||wn − p||
≤ a′′n||xn − p||+ b′′nk(3)

n

||xn − p||+ c′′nM

≤ k(3)
n ||xn − p||+ c′′nM

and

(2.2) ||yn − p|| ≤ a′n||xn − p||+ b′n||Tn
2 zn

−p||+ c′n||vn − p||
≤ a′n||xn − p||+ b′nk(2)

n

||zn − p||+ c′nM

≤ a′n||xn − p||+ b′nk(2)
n (k(3)

n

||xn − p||+ c′′nM) + c′nM

≤ k(2)
n k(3)

n ||xn − p||
+c′′nM + c′nM

for some M ≥ 0 since k2
n → 1

From (2.1) and (2.2), we have

(2.3) ||xn+1 − p|| ≤ an||xn − p||
+bn||Tn

1 yn − p||
+cn||un − p||

≤ an||xn − p||+ bnk(1)
n

||yn − p||+ cnM

≤ an||xn − p||+ bnk(1)
n

(k(2)
n k(3)

n

||xn − p||+ c′′nM

+c′nM) + cnM

≤ k(1)
n k(2)

n k(3)
n ||xn − p||

+cnM + c′nM ′ + c′′nM ′′

for some constants M,M ′,M ′′ ≥ 0.
Observe that
∞∑

n=1

(k(1)
n k(2)

n k(3)
n − 1) =

∞∑
n=1

[(k(1)
n k(2)

n k(3)
n − 1)

+k(1)
n (k(2)

n − 1) + k(1)
n − 1]

≤ K1

∞∑
n=1

(k(3)
n − 1)

+K2

∞∑
n=1

(k(2)
n − 1)

+
∞∑

n=1

(k(1)
n − 1) < ∞

for some constants K1,K2 > 0. Using Lemma
2.1, we obtain that limn→∞ ||xn − p|| exists.

3. MAIN RESULTS

Theorem 3.1: Let C be a nonempty com-
pact convex subset of a uniformly convex Ba-
nach space X, and for i=1,2,3 let Ti : C → C
be uniformly (Li − αi) Lipschitz and asymp-
toticlly quasi-nonexpansive mappings with se-
quence {k(i)

n } such that
∑∞

n=1(k
(i)
n − 1) < ∞.

Define a sequence {xn} in C as follows:
x1 ∈ C
xn+1 = anxn + bnTn

1 yn + cnun,
yn = a′nxn + b′nTn

2 zn + c′nvn,
zn = a′′nxn + b′′nTn

3 xn + c′′nwn, for alln ∈ N,

where {un}, {vn}, {wn} in C and
{an}, {bn}, {cn}, {a′n}, {b′n}, {c′n}{a′′n}, {b′′n}, {c′′n}
are sequences in [0,1] satisfying the following,
an + bn + cn = a′n + b′n + c′n = a′′n + b′′n + c′′n = 1,
for all n ∈ N and

∑∞
n=1 cn < ∞,

∑∞
n=1 c′n < ∞,

3
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∑∞
n=1 c”n < ∞.
If F (T1) ∩ F (T2) ∩ F (T3) 6= φ. then the

sequence {xn} converges strongly to a common
fixed point of T1, T2 and T3.
Proof: By lemma 2.3, we have limn→∞||xn−p||
exists for all p ∈ F (T1) ∩ F (T2) ∩ F (T3). Set
limn→∞ ||xn − p|| = d for some d > 0. Then,
from (2.1) and (2.2) we have

lim sup
n→∞

||zn − p|| ≤ lim sup
n→∞

||xn − p|| = d

and

lim sup
n→∞

||yn − p|| ≤ lim sup
n→∞

||xn − p|| = d

Respectively note that,

lim sup
n→∞

||Tn
1 yn−p|| ≤ lim sup

n→∞
(k(1)

n ||yn−p||) ≤ d

and

lim
n→∞

||xn+1 − p|| = lim
n→∞

||anxn

+bnTn
1 yn + cnun − p||

= lim
n→∞

||an[xn − p +
cn

2an

(un − p)] + bn[Tn
1 yn − p

+
cn

2bn
(un − p)||]

= lim
n→∞

||xn − p||

Thus from Lemma 2.2, we have,

lim
n→∞

||xn − Tn
1 yn + (

cn

2an
− cn

2bn
)(un − p)|| = 0

Note that,

lim
n→∞

||( cn

2an
− cn

2bn
)(un − p)|| = 0

therefore we have

(3.2) lim
n→∞

||xn − Tn
1 yn|| = 0

Next,

||xn − p|| ≤ ||xn − Tn
1 yn||+ ||Tn

1 yn − p||
≤ ||xn − Tn

1 yn||+ k(1)
n ||yn − p||

which gives that

d ≤ lim inf
n→∞

||yn − p|| ≤ lim sup
n→∞

||yn − p|| ≤ d

and hence,

lim
n→∞

||yn − p|| = d

Note that,

lim sup
n→∞

||Tn
2 zn−p|| ≤ lim sup

n→∞
(k(2)

n ||zn−p||) ≤ d

lim
n→∞

||yn − p|| = lim
n→∞

||a′nxn + b′nTn
2 zn + c′nvn − p||

= lim
n→∞

||a′n[xn − p +
c′n
2a′n

(vn − p)]

+b′n[Tn
2 zn − p +

c′n
2b′n

(vn − p)]||

= lim
n→∞

||xn − p||

Thus from Lemma 2.2, we have

lim
n→∞

||xn − Tn
2 zn + (

c′n
2a′n

− c′n
2b′n

)(vn − p)|| = 0

Note that

lim
n→∞

||( c′n
2a′n

− c′n
2b′n

)(vn − p)|| = 0

therefore we have,

(3.3) lim
n→∞

||xn − Tn
2 zn|| = 0

Next,

||xn − p|| ≤ ||xn − Tn
2 zn||+ ||Tn

2 zn − p||
≤ ||xn − Tn

2 zn||+ k(2)
n ||zn − p||

which gives that

d ≤ lim inf
n→∞

||zn − p|| ≤ lim sup
n→∞

||zn − p|| ≤ d,

and hence

lim
n→∞

||zn − p|| = d

4
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Since,

lim sup
n→∞

||Tn
3 xn−p|| ≤ lim sup

n→∞
(k(3)

n ||xn−p||) ≤ d,

and

lim
n→∞

||zn − p|| = lim
n→∞

||a′′nxn + b′′nTn
3 xn

+c′′nwn − p||

= lim
n→∞

||a′′n[xn − p +
c′′n
2a′′n

(wn − p)]

+b′′n[Tn
3 xn − p +

c′′n
2b′′n

(wn − p)]||

= lim
n→∞

||xn − p||

Thus from Lemma 2.2, we have,

lim
n→∞

||xn − Tn
3 xn + (

c′′n
2a′′n

− c′′n
2b′′n

)(wn − p)|| = 0

Since,

lim
n→∞

||( c′′n
2a′′n

− c′′n
2b′′n

)(wn − p)|| = 0

therefore we have,

(3.4) lim
n→∞

||xn − Tn
3 xn|| = 0

Next,

||xn − p|| ≤ ||xn − Tn
3 xn||+ ||Tn

3 yn − p||
≤ ||xn − Tn

3 xn||+ k(3)
n ||xn − p||

which gives that

d ≤ lim inf
n→∞

||xn − p|| ≤ lim sup
n→∞

||xn − p|| ≤ d

and hence,

lim
n→∞

||xn − p|| = d

Since C is compact, {xn}∞n=1 has a convergent
subsequence {xnk

}∞k=1. Let

(3.5) lim
k→∞

xnk
= p.

Thus from (3.2) and limn→∞ cn = 0, we have
(3.6) ||xnk+1−xnk

|| ≤ bnk
||Tnk

1 ynk
−xnk

||+
cnk
||unk

− xnk
||

Note that, limn→∞ b′n = 0, limn→∞ c′n = 0
therefore we have,

||yn−xn|| ≤ b′n||Tn
2 zn−xn||+c′n||vn−xn|| → 0

Thus from (3.2) and (3.5),

(3.7) lim
k→∞

Tnk
1 ynk

= p.

Thus
lim

k→∞
xnk+1 = p.

Similarly,
lim

k→∞
xnk+2 = p.

and

(3.8) lim
k→∞

Tnk+1
1 ynk+1 = p.

From (3.2), (3.5-3.8) we have

0 ≤ ||p− T1p|| = ||p− Tnk+1
1 ynk+1 + Tnk+1

1 ynk+1

−Tnk+1
1 xnk+1

+Tnk+1
1 xnk+1 − Tnk+1

1 xnk
+ Tnk+1

1 xnk

−Tnk+1
1 ynk

+Tnk+1
1 ynk

− T1p||
≤ ||p− Tnk+1

1 ynk+1||+ ||Tnk+1
1 ynk+1

−Tnk+1
1 xnk+1||

+||Tnk+1
1 xnk+1 − Tnk+1

1 xnk
||+ ||Tnk+1

1

xnk
− Tnk+1

1 ynk
||

+||Tnk+1
1 ynk

− T1p||
≤ ||p− Tnk+1

1 ynk+1||+ L1||ynk+1

−xnk+1||α1

+L1||Tnk
1 ynk

− p||α1

→ 0asn →∞.

Then, from (3.3)and limn→∞ c′n = 0, we have
(3.9) ||ynk

− xnk
|| ≤ b′nk

||Tnk
2 znk

− xnk
|| +

c′nk
||vnk

− xnk
|| → 0

5
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Note that, limn→∞ b′′n = 0, limn→∞ c′′n = 0,we
have
(3.10) ||zn − xn|| ≤ b′′n||Tn

3 xn − xn|| +
c′′n||wn − xn|| → 0
Thus from (3.3) and (3.5)
(3.11) limn→∞ Tnk

2 znk
= p

Thus limk→∞ xnk+1 = p.
similarly,limk→∞ xnk+2 = p
(3.12) limk→∞ Tnk+1

2 znk+1 = p
From (3.3),(3.5), (3.9)-(3.12), we have

0 ≤ ||p− T2p|| = ||p− Tnk+1
2 znk+1 + Tnk+2

2

znk+1 − Tnk+1
2 xnk+1

+Tnk+1
2 xnk+1 − Tnk+1

2 xnk

+Tnk+1
2 xnk

− Tnk+1
2 znk

+Tnk+1
2 znk

− T2p||
≤ ||p− Tnk+1

2 znk+1||
+||Tnk+1

2 znk+1

−Tnk+1
2 xnk+1||

+||Tnk+1
2 xnk+1 − Tnk+1

2 xnk
||+

||Tnk+1
2 xnk

−
Tnk+1

2 znk
||

+||Tnk+1
2 znk

− T2p||
≤ ||p− Tnk+1

2 znk+1||+ L2

||znk + 1− xnk+1||α2

+L2||xnk+1 − xnk
||α2 + L2

||xnk
− znk

||α2

+L2||Tnk
2 znk

− p||α2

→ 0asn →∞.

Then from (3.4) and limn→∞ c′′n = 0, we have
(3.13) ||znk+1 − xnk

|| ≤ b′′nk
||T 3

nk
xnk

−
xnk

||+ c′′nk
||wnk

− xnk
|| → 0

Thus from (3.4) and (3.5)

(3.14) lim
k→∞

Tnk
3 xnk

= p

Thus limk→∞ xnk+1
= p. Similarly

limk→∞ xnk+2
= p, and

(3.15) lim
k→∞

T
nk+1

3 xnk+1
= p

From (3.4),(3.5),(3.13-3.15), we have

0 ≤ ||p− T3p|| = ||p− Tnk+1
3 xnk+1 + Tnk+2

3 xnk+1

−Tnk+1
3 xnk

+Tnk+1
3 xnk

− T3p||
≤ ||p− Tnk+1

3 xnk+1||+ L3||xnk+1

−xnk
||α3

+L3||Tnk
3 xnk

− p||α3 → 0asn →∞.

Thus, p is a common fixed point of T1, T2 and
T3. Since the subsequence {xnk

}∞k=1 of {xn}∞n=1

converges to p and limn→∞ ||xn−p|| exists, we
conclude that limn→∞ xn = p.
Corollary 3.2. Let C be a nonempty compact
convex subset of a uniformly convex Banach
space and for i = 1, 2, let Ti : C → C be uni-
formly (Li − αi)-Lipschitz and asymptotically
quasi-nonexpansive mappings with sequence
{k(i)

n } such that
∑∞

n=1(k
(i)
n − 1) < ∞.Define

a sequence {xn}in C as follows:
x1 ∈ C
xn+1 = anxn + bnTn

1 yn + cnun,
yn = a′nxn + b′nTn

2 yn + c′nvn ∀n ∈ N

where {un, {vn}} in C and
{an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are se-
quences in [0,1] satisfying, an + bn + cn =
a′n + b′n + c′n = 1, for all n ∈ N and∑∞

n=1 cn < ∞,
∑∞

n=1 c′n < ∞ . If
F (T1) ∩ F (T2) 6= φ, then {xn} converges
to a common fixed point of T1 and T2.

Remark 3.4 Corollary 3.3 is an improve-
ment of the results of Qihou [4].
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